In this study, we established a 3-D discrete system featuring a new series of complex fast slow behaviors caused by different bursters. The conditions of fold bifurcation and neimark-Sacker bifurcation were derived based on the stability of equilibrium points in the fast subsystem. Then the phase diagrams with different control parameters were obtained by numerical simulation. The theoretical analysis and numerical simulation were verified by the experimental phase diagrams.
INTRODUCTION
Bursting oscillation is a special fast slow dynamical behavior observed in many ODE equations (Li & Bi,2012) . The special dynamical behaviors and their classification have been investigated for many years. These bursting oscillations have been widely observed in a wide range of dynamical systems, such as neuronal systems, chemical kinetics and electronic circuits (Yang, et al., 2006; Wang, et al., 2008) .
Rinzel firstly proposed the fast slow method to analyze bursting and recognized the transition between the rest state and spiking state (Rinzel, 1987) . Rinzel also put forward the first formal classification system for bursting in which square wave or type I burster, parabolic or type II burster and elliptic or type III burster were proposed. However, as the firing dynamical behavior changes with the type of bursting, the formal classification is not enough to differentiate bursting types with minor differences. On the basis of these studies, Izhikevich proposed more comprehensive set of bursting-related bifurcations and put forward a more complete system of theoretical classification which includes fold/fold bursting, fold/hopf bursting and many other types bursting (Izhikevich & Hoppensteadt,2004; Izhikevich, 2000) . Up to date, theoretical classification of bursting behaviors is no longer a difficult task in the ODE system (Li & Bi, 2013) .
In many bursting systems, the fast slow bursting oscillations are made up of only one oscillation branch as fold/fold bursting proposed in the reference (Shi & Wang, 2014) or two oscillation branches as symmetric fold/hopf bursting proposed in the reference (Han et al., 2009 ). But few research efforts have been made on the fast slow bursting oscillations which contain large numbers of oscillation branches, each having different mechanisms of bursting oscillation.
In this study, we propose a discrete system to explore the fast slow dynamical bursting behaviors. The conditions of fold bifurcation points and neimark-sacker bifurcation were obtained based on the stability of equilibrium points in the fast subsystem. A new series of bursting bifurcations in the discrete system were investigated using Rinzel's fast slow analysis method. We observed different types of bursting bifurcations in the system while changing the control parameters. The theoretical analysis and numerical simulation were verified by the experimental results.
PROPOSED 3-D DISCRETE SYSTEM AND ITS FAST SUBSYSTEM
In this paper, we proposed a 3-D discrete system, which can be described as (1) Where x n , y n , z n are state variables of system (1), and a=0.01, c=5, b varies from 23 to 34. Obviously, x n , y n are the fast state variables of system (1), and z n is the slow state variable. Therefore the FS of system (1) 
Therefore, the corresponding characteristic equation can be written in the form
to check that, forΔ>0, Eq.(5) has two real characteristic roots 12 ,0 22
 is smaller than 2  . According to the fold bifurcation condition, the fold bifurcation may take place when the biggest characteristic root 2  equals 1. So, the conditions of the fold bifurcation can be obtained by
IfΔ <0, Eq.(5) has two imaginary characteristic roots 12 , 22         p i p i . According to the neimark-sacker bifurcation condition, the neimark-sacker bifurcation may take place when the characteristic equation has a pair of imaginary characteristic roots located on the boundary of the unit circle. Therefore 2 2 1 22
Combining (5), (6) and (7), the conditions of the neimark-sacker bifurcation can be expressed as 2 sin( )
3.NUMERICAL SIMULATION
In this section, a new series of bursting patterns of the 3-D discrete system will be observed by numerical simulation. With the given different sets of parameters, we firstly obtain the phase diagrams of each bursting pattern. Moreover, the equilibrium points of FS can be derived to explore the mechanisms of each bursting pattern. The initial values of the system variables are x 1 =y 1 =z 1 =1.
3.1.(Fold/Fold) 4 /(Fold/Neimark-Sacker) 6 Bursting Bifurcation
When b=23, the phase diagram of system (1) is shown in Fig. 1 (a) . The equilibrium points of FS with respect to the slow variable z n form five S-shaped bifurcation curves in Fig. 1 (b) . The black dotted lines represent the stable equilibrium points and the red dotted lines denote the unstable ones. Tenfold bifurcation points (FB1, FB2…FB9 and FB10) marked with black points "*" and six neimark-sacker bifurcation points (NS1, NS2…NS5 and NS6) marked withgreen points "." appear on the S-shaped bifurcation curves.
Obviously, the whole fast slow bursting oscillations in Fig. 1 (b) contains 12 oscillation branches labeled by1?1 , 2? 2 …12?12 . Next, we will explain the fast slow behaviors at the beginning of FB1 in detail. As the fold bifurcation occurs at FB1, the rest state of the bursting corresponding to the stable focus on the No.10?10 branch transits to the spiking state corresponding to the unstable limit cycle on the No.1?1 branch. When the slow variable z n is decreased to the point NS1, the equilibrium point on this branch changes its stability, due to the neimark-sacker bifurcation at NS1. Hence the spiking state goes to the rest state corresponding to the stable focus on the No.1?1 branch. In this branch, the fold bifurcation at FB1 which leads to the transition between the rest state of the No.10?10 branch and the spiking state of the No. 1?1 branch, and the neimark-sacker bifurcation at NS1 which leads to the transition between the spiking state and the rest state of the No. 1?1 branch are relevant to fold/neimark-sacker bursting bifurcation.
As z n decreases continually, the orbit of the system follows the No. 1?1 branch to FB2. Then the fold bifurcation occurs at this point. The rest state of the No.1?1 branch switches to the rest state corresponding to the stable focus on the No. 2? 2 branch, meanwhile, some small oscillations appear around No. 2? 2 branch. As z n decreases further, the small oscillations disappear and the orbit of system follows the No. 2? 2 branch to FB3. In this branch, the fold bifurcation leads to the transition between the rest states of the No. 2? 2 branch and the rest state of the No.1?1 branch. According to the classification by Izhikevich, the bursting in this branch is named as fold/fold bursting. Now, we know clearlythe mechanisms of the No.1?1 branch and the No. 2? 2 branch. In this paper, we do not illustrate the bursting in each branch in detail, because some branches share the same bursting pattern. In Fig.1 (b) , the No. 3?3 , 5?5 , 6?6 , 8?8 and 10?10 branches share the same mechanism with the No.1?1 branch, and the No. 2? 2 , 4? 4 , 7?7 and 9?9 branches share the same mechanism with the No. 2? 2 branch. The whole bursting oscillations are caused by six fold/neimark-sacker bursting bifurcations and four fold/fold bursting bifurcations, hence this type of bursting can be named as (fold/fold)4/(fold/neimark-sacker)6 bursting. Fig.2 shows another type of bursting, (when b=25). The equilibrium points of FS with respect to the slow variable z n form three S-shaped bifurcation curves in Fig. 1 (b) . The black dotted lines represent the stable equilibrium points and the red dotted lines represent the unstable ones. Four fold bifurcation points (FB1, FB2, FB3 and FB4) marked with the black points "*" and two neimark-sacker bifurcation points (NS1 and NS2) marked with the green points "." appear on the S-shaped bifurcation curves in z-x plane.
3.2.(Fold/Fold) 2 /(Fold/Neimark-Sacker) 2 Bursting Bifurcation
The following analysis is devoted to identification of the bursting patterns in the 3-D discrete system, when b equals 25. Similar to the case depicted in Fig.1 (b) that the whole bursting oscillations in Fig.2 (b) are made up of four oscillation branches labeled by1?1 , 2? 2 … 4? 4 . Obviously, the No.1?1 branch and the No. 3?3 branch share the same oscillations and the No. 2? 2 branch and the No. 4? 4 branch share the same oscillations. Assume that the orbit of the 3-D discrete system starts from FB1. The fold bifurcation occurs at this point, meanwhile, the rest state of the bursting corresponding to the stable focus on the No. 4? 4 branch transits to the spiking state corresponding to the limit cycle on the No.1?1 branch. As the slow variable z n decreases to the point NS1, the equilibrium point on this branch changes its stability, due to the neimark-sacker bifurcation at NS1. Hence the spiking state goes to the rest state corresponding to the stable focus on the No. 1?1 branch. In this branch, the fold bifurcation at FB1 is relevant to the rest state of No. 4? 4 branch switching to the spiking state of the No.1?1 branch, and the neimark-sacker bifurcation at NS1 is relevant to the spiking state of the No.1?1 branch transiting to the rest state of the No. 1?1 branch. Based on Izhikevich's bifurcation-based classification theory, the bursting in this branch can be named as fold/neimark-sacker bursting.
When z n decreases, the orbit of the system switches to another branch from the No.1?1 branch. Due to the fold bifurcation at FB2, the rest state corresponding to the stable focus on the No.1?1 branch transits to the rest state corresponding to the stable focus on the No. 2? 2 branch. With some small oscillations, the trajectory of the system locates on the stable focus of the No. 2? 2 branch. As z n decreases continually, the stable focus on the No. 2? 2 branch coincides with the unstable limit cycle on the No. 3?3 branch, the fold bifurcation occurs at FB3, meanwhile, an unstable limit cycle appears on the No. 3?3 branch, so this fold bifurcation cause the orbit of the system to transit to another branch. In this branch, the fold bifurcation at FB2 leads to the transition between the rest states of the No. 2? 2 branch and the rest state of the No. 3?3 branch, and the fold bifurcation at FB2 is relevant to the rest state of the No. 2? 2 branch switching to the spiking state of the No. 3?3 branch. According to thenaming rules, the type of bursting in this branch can be named as fold/fold bursting. In summary, half of the branches in the phase diagram are caused by fold/neimark-sacker bursting and the others are caused by fold/fold bursting. So this type of bursting can be named as (fold/fold) 2 /(fold/neimark-sacker) 2 bursting. 
4.CIRCUIT IMPLEMENTATION OF THE FAST/SLOW BIFURCATION BEHAVIORS
In this section, we design an electronic circuit, which can be used to confirm system (1). Based on the discrete model of system (1), we can get the discrete data of x n , y n and z n by realizing Eq.(1) in an ARM chip STM32F407 and calculating for many times. Then the discrete digital signals are converted to analog signals using the internal DAC blocks. The analogy signals can be displayed on an oscilloscope.
According to the above analysis, (fold/fold) 4 /(fold/neimark-sacker) 6 bursting bifurcation occurs in the system, when b=23. The phase diagram with fast slow behaviors caused by (fold/fold) 4 /(fold/neimark-sacker) 6 bursting bifurcation is shown in Fig.3. Fig.3 (a) shows the fast slow behaviors of x-y plane, and Fig.3 (b) shows the behaviors of z-x plane. The orbit of full system transits between the ten branches, which is consistent with what is shown in Fig.1 . Four branches in Fig.3 (b) are caused by fold/fold bursting, and the others are caused by fold/neimark-sacker bursting. In the similar fashion, we can get the phase diagram with fast slow behaviors caused by (fold/fold) 2 /(fold/neimark-sacker) 2 bursting bifurcation as shown in Fig.4 , when b=25. Fig.4 (a) shows the fast slow behaviors of x-y plane, and Fig.4 (b) showsthe behaviors of z-x plane. The orbit of full system transits between four branches, what is consistent with what is shown in Fig.2 . Two branches in Fig.4 (b) are caused by fold/fold bursting, and the others are caused by fold/neimark-sacker bursting. 
CONCLUSION
In this study, we proposed a 3-D discrete system which could observesdifferent types of bursting bifurcations while changing a parameter of the system. The mechanism of each bursting can be explored by the means of fast slow dynamical bifurcation analysis. As the parameter b varies, the equilibrium points of FS with respect to the slow variable z n form a large number of S-shaped bifurcation curves in the z-x plane, where a number of fold bifurcation points, neimark-sacker bifurcation points and homoclinic bifurcation points are present. Finally, the experimental results demonstrate the validity of the theoretical analysis.
